We present an ab-initio, selfconsistent density functional theory (DFT) description of ground state electronic and related properties of hexagonal boron nitride (h-BN). We used a local density approximation (LDA) potential and the linear combination of atomic orbitals (LCAO) formalism. We rigorously implemented the Bagayoko, Zhao, and Williams (BZW) method, as enhanced by Ekuma and Franklin (BZW-EF). The method ensures a generalized minimization of the energy that is far beyond what can be obtained with self-consistency iterations using a single basis set. The method leads to the ground state of the material, in a verifiable manner, without employing over-complete basis sets. Consequently, our results possess the full, physical content of DFT, as per the second DFT theorem [AIP Advances, 4, 127104 (2014)]. We report the ground state band structure, band gap, total and partial densities of states, and electron and hole effective masses. Our calculated, indirect band gap of 4.37 eV, obtained with room temperature experimental lattice constants of a = 2.504 Å and c = 6.661 Å, is in agreement with the measured value of 4.3 eV. The valence band maximum is slightly to the left of the K point, while the conduction band minimum is at the M point. Our calculated total width of the valence and total and partial densities of states are in agreement with corresponding, experimental findings.
Introduction
The demand for compact ultraviolet laser devices has led many researchers to search for materials with band gaps larger than that of GaN (3.4 eV), a material presently utilized in the fabrication of high-power, blue-ray laser devices [1] . Properties of hexagonal boron nitride (h-BN), with a graphite-like crystal structure, provide a basis for many applications. It is employed as a good electrical insulator, with excellent thermal conductivity, for crystal growth and molecular beam epitaxy. It has several applications in electronics and nuclear energy industries and serves as an excellent lubricant [2] . Recently, its outstanding catalyst properties have attracted much attention, for potential applications in oxygen reduction reactions [3] [4] [5] . Hexagonal boron nitride (h-BN) is a wide band gap material with high chemical and thermal stability. Despite the above attributes of h-BN, a survey of the literature shows a lack of consensus on the experimentally determined band gap of the material. Measured, direct and indirect band gaps have been reported, with values ranging from 3.6 to 7.1 eV. Its electronic structure and band gap have been studied experimentally using x-ray photoemission [6 -9] , optical absorption [10] , UV absorption [11] , optical reflectivity [12, 13] , luminescence spectra [14, 15] , photoconductivity [16, 17] , and temperature dependence of the electrical resistivity [18] . The various experimentally measured band gaps are summarized in Table 1 . From the content of the table, we infer a lack of consensus not only on the direct or indirect nature of the band gap, but also on its numerical valuenotwithstanding some of the discrepancies may be due to differences in sample purity, thickness (for films) and measurement temperature. Table 1 . Experimental values of the band gap (Eg) of h-BN, in eV. The results in this table are reportedly for bulk h-BN. We note that some authors believe the measured indirect band gap of 4.3 eV [9] [10] [11] best represents the true band gap of h-BN. a Ref. [6] , b Ref. [7] [8] [9] , c Ref. [10] , d Ref. [11] [12] [13] , e Ref. [14] , f Ref. [15] , g Ref. [16] , h Ref. [17] , i Ref. [18] , j Ref. [19] , ], k Ref. [20] , l Ref. [21] , m Ref. [22] As shown in Table 2 , the theoretical studies of h-BN disagree on the value of the band gap and particularly on the locations of the valence band maximum (VBM) and of the conduction band minimum (CBM), respectively. Specifically, the table shows that previous LDA and GGA calculations [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] Table 2 shows the above referenced results and several other theoretical findings [28] [29] [30] [31] [32] [33] . [24] , c Ref. [25] , d Ref. [26] , e Ref. [27] , f Ref. [28] , g Ref. [29] , h Ref. [30] , i Ref. [31] , j Ref. [32] , k Ref. [33] .
Clearly, this range of theoretical results for the band gap of h-BN, including the seven (7) different pairs of VBM-CBM, points to the need for further work. Additionally, and unlike the cases for most semiconductors, the experimental results in Table 1 also disagree. These discrepancies constitute a major motivation for this work. This motivation is partly predicated on previous, theoretical results of our group, in agreement with corresponding experimental ones, for more than 30 semiconductors [34] .
Method and Computational Details
We succinctly provide below the essential features of our computational approach. Extensive details on it are available in the literature [34] [35] [36] [37] [38] [39] [40] [41] . As with most other calculations, we employed a density functional theory (DFT) potential and the linear combination of atomic orbitals (LCAO).
Our specific DFT potential for this work is the local density approximation (LDA) one by Ceperley and Alder, with the parameterization of Vosko et al. [42] [43] [44] [45] . A major difference between our method and most others in the literature stems from our performance of a generalized minimization of the energy functional to attain the ground state of the system, without utilizing over-complete basis sets. The first [46 -48] and the enhanced [49 -51] versions of this generalized minimization of the energy are respectively expounded upon in the literature.
As per the second DFT theorem, self-consistent iterations with a single basis set lead to a stationary solution among an infinite number of such solutions. This fact resides in the reality that the ground state charge density (i.e., basis set) is not à priori known, as far as we can determine.
Consequently, the chances are extremely small for a calculation with a single basis set to lead to the ground state of the system or to avoid over-complete basis sets.
We have described in previous publications a straightforward way to search for and to reach the ground state of the system. Beginning with a small basis set that is large enough to account for all the electrons in the system, we perform successive self-consistent calculations,
where the basis set of a calculation, except for the first one, is that of the preceding calculation
augmented with one orbital. The first and second versions of our method, known as BZW and BZW-EF method, differ as follows. For the first one, we add orbitals in the order of increasing energy of the excited states they represent. In the second, we heed the "arbitrary variations" clause of the second DFT theorem and add orbitals so as to recognize the primacy of polarization orbitals (p, d, and f) over the spherical symmetry of s orbitals for valence electrons. Indeed, for diatomic and any other multi-atomic system, valence electrons do not possess any full, spherical symmetry known to us, unlike the core electrons. The above referenced, successive calculations continue until three (3) consecutive ones produce the same occupied energies. This criterion guarantees the attainment of the absolute minima of the occupied energies (i.e., the true ground state). With just two (2) consecutive calculations leading to the same occupied energies, these energies could represent a local minima and not the absolute ones. The first of the referenced three (3) consecutive calculations [34] is the one providing the DFT description of the material. The basis set for this calculation is dubbed the optimal basis set, i.e., the smallest basis set leading to the ground state charge density and energies.
In this study, we utilized the program package developed at the US Department of Energy's Ames Laboratory, in Ames, Iowa. B and N are light enough to neglect relativistic corrections.
Self-consistent calculations of the electronic energies and wave functions for the atomic or ionic species provided input data for the solid-state calculations. Specifically, for hexagonal BN, the species we considered were B 3+ and N 3-. Preliminary calculations for neutral atoms (B and N)
pointed to a charge transfer larger than 2, from B to N.
We provide below computational details to enable the replication of our work. Hexagonal BN (h-BN) belongs to the 6ℎ 4 space group, with a space group number of 194, a Pearson symbol of hP4, and Patterson space group P63/mmc [17] . There are two atoms of each kind in the unit cell, with the boron (B) atoms occupying sites (0,0, ). Our self-consistent calculations were performed with the experimental lattices constants a=2.504 Å and c= 6.661Å, at room temperature. We expanded the radial parts of the orbitals in terms of even-tempered Gaussian functions. The s and p orbitals for the cation B 3+ were each described with 16 even-tempered Gaussian functions with the respective minimum and maximum exponents of 0.2658 and 0.1655 x 10 5 for the atomic potential and 0.1242 and 0.1365 x 10 5 for the atomic wave functions. The self-consistent calculations for B 3+ led to the total charge of 2.0005, which is also the valence charge, with an error per electron of 2.5 x 10 -4 . Similarly, the s and p orbitals for N 3were described with 20 even-tempered Gaussian functions with the respective minimum and maximum exponents of 0.1600 and 0.1600 x 10 5 for the atomic potential and 0.1000 and 0.1300 x 10 5 for the atomic wave functions. These exponents led to the convergence of the atomic calculations for N 3with the total, core and valence charges of 10.00004, 2.00002, and 8.00002, respectively. The error per electron was therefore 4 x 10 -6 . We utilized a 24 k-point mesh with proper weights, in the irreducible Brillouin zone, for the self-consistency iterations. The criterion for the convergence of the iterations was a difference of 10 -5 or less between the potentials from two consecutive ones. We used 140 k points in the irreducible Brillouin zone for the production of the final, self-consistent bands. Table 3 below contains information on the successive calculations performed with the purpose of reaching the absolute minima of the occupied energies. The band gap generally can decrease or increase before one reaches the optimal basis set. As shown farther below, with the graphs of the bands, Calculations IV, V, and VI led to the same occupied energies indicating that these energies have reached their absolute minima, i.e., the ground state. As per the BZW-EF method, Calculation IV, the first of the three (3) is the one providing the DFT description of the material. The basis set for this calculation is the optimal basis set, i.e., the smallest basis set leading to the ground state of the material, without being over-complete. Every pair of bands from consecutive calculations is shown below. In Fig. 1c , Calculations III may appear to reach the minima of the occupied energies, given that these occupied energies are mostly Even though the occupied energies in Table 4 and the graph of the bands from Calculation IV (in Figure 1d ) provide an adequate description of the ground state electronic properties of hexagonal BN, we discuss farther below subtilities relative to the valence band maximum (VBM) and the conduction band minimum (CBM). In particular, our close examination of the bands hints at a possible explanation of the multitude of VBM-CBM pairs reported by previous density functional theory calculations. These calculations, as far as we can determine, did not performed the generalized minimization of the energy as dictated by the second DFT theorem, Figures 2 and 3 respectively show the calculated, total and partial densities of states (DOS, pDOS). We derived them from the bands produced by Calculation IV, with the optimal basis set.
Results
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Short, vertical segments indicate the locations of major peaks, whose values are provided on the graph of the total density of states. The calculated valence band width of 18.58 eV is in agreement with the calculated valence band width (18.5 eV) from Ma et al. [23] and from Castellani et al. [24] . While this value is smaller than the experimental finding of 20.7 ± 1.5 eV obtained by J.
Barth et al. [7] and by Tegeler et al. [8] in their XPS measurements, we note that, according to these authors [7, 8, 23, 24] , the real total width of the valence bands may be smaller than the measured value by l-3 eV, due to significant Auger broadening of the XPS spectrum at energies corresponding to the s band.
The lower and upper groups of valence bands have widths of 3.98 eV and 10.02 eV, respectively. Three major peaks in the density of states for the conduction bands are located at 4.92 eV, 12.88 eV, and 18.46 eV. The above characteristics of the total density of states (DOS), for h-BN, will be hopefully confirmed by future experimental measurements. Additionally, the eigenvalues in Table 4 lend themselves to comparison with some X-Ray and UV spectroscopic measurements. From Fig.3 , for the partial densities of state (pDOS), we clearly observe a net dominance by nitrogen s state in the lowest group of valence bands, with a tiny contribution from 
Discussion
A discussion of our results, particularly in relation to findings from previous DFT calculations, rests on the following fact. None of the previous calculations appear to have performed a generalized minimization of the energy. The minimization obtained following selfconsistent iterations, with a single basis set, produces the minimum of the energy relative to that basis set. Such solutions are stationary ones whose number is practically infinite. None should be à priori assumed to provide a description of the ground state of the material. Consequently, the computational results should not be expected to possess the full, physical content of DFT or to agree with experimental measurement. Our generalized minimization, as thoroughly explained above, verifiably leads to the absolute minima of the occupied energies, i.e., the ground state, as required by the second DFT theorem. Explicitly searching for the ground state and avoiding basis sets that are overcomplete for the description of the ground state are two requirements for a correctly performed DFT calculation. We address below plausible, negative consequences use of over-complete basis sets.
With the second corollary of the first DFT theorem, i.e., that the spectrum of the Hamiltonian is a unique functional of the ground state charge density [34] , we avoid over-complete basis sets. While these larger basis sets lead to the ground state energies, they also lower some unoccupied energies from their values obtained with the optimal basis set. As per the above corollary, any unoccupied energy, different from (i.e., lower than) its corresponding value obtained with optimal basis set, no longer belongs to the spectrum of the Hamiltonian. This rigorous conclusion also results from the fact that, with these larger basis sets, the charge density and the Hamiltonian do not change from their respective values obtained with the optimal basis set.
Consequently, the unoccupied eigenvalues, different from their corresponding values obtained with the optimal basis set, cannot rationally be physically meaningful ones. The Rayleigh theorem for eigenvalues, as elaborated upon elsewhere [34, [49] [50] , trivially explains the spurious lowering of unoccupied energies in calculations employing larger basis sets that contain the optimal one.
We should note the spuriously lowered, unoccupied energies, including some lowest laying ones, provide one plausible explanation of the widespread underestimation of band gaps in the literature.
This contention stems in part from the fact that single basis set calculations tend to employ large basis sets in order to avoid incompleteness.
With the above understanding, we discuss the fine structures of the bands using the enlarged graphs in Figures 4 and 5 below. While Figure 4 shows the entire band structure, Figure   5 only exhibits the drastically enlarged uppermost and lowest valence and conduction bands, respectively, around and between the K and H symmetry points. In Figure 4 , the highest and degenerate valence bands are visibly close to the Fermi level, from K to H. Figure 5 is needed to ascertain the location of the valence band maximum. To do so, one is guided by the fact that, at the location of the VBM, the band is superimposed on a short segment at the Fermi level. Figure   5 shows that the VBM is at the K* point defined above Figure 4 , between and around the K and H high symmetry points. Clearly, the top of the valence band is the only part that is superimposed on the Fermi level; this top is at K* as defined above, to the left of K.
The above fine structures of the bands hint to a possible explanation of the report of seven (7) different VBM-CBM pairs by previous DFT calculations. Indeed, while the presumed single basis sets in these calculations may be close to or contain the corresponding optimal basis sets, with the above subtle features of the band structure, the slightest deviation of these basis sets from the one describing the ground state could explain the differences between the resulting bands and between them and the ones reported here. Additionally, without the generalized minimization, it is practically hopeless to have the basis set complete for the description of the ground state, without being over-complete.
Conclusion
We have presented the description of electronic and related properties of the ground state of h-BN, as obtained from ab-initio, self-consistent density functional theory (DFT) calculations. Our generalized minimization of the energy, following the BZW-EF method, verifiably led to the ground state and avoided over-complete basis sets. Our findings possess the full, physical content of DFT. Our calculated indirect band gap from K* to M is 4.37 eV. This value is practically in agreement with the experimental finding of 4.30 eV which is the most accepted one in the literature. The density of states (DOS) and partial densities of states (p-DOS) are in good agreement with those from electron momentum spectroscopy (EMS) [6] [7] [8] [9] . To the best of our knowledge, no measurements of the electron effective masses are available for comparison with our calculated ones. In light of our previous success, partly through accurate predictive capabilities, we expect future experiments to confirm our findings.
